In this work, we investigate how to define in a consistent way the probabilities of the transitions between the "flavor" states of the two-level quantum system, which is described by a non-Hermitian but parity and time-reversal (PT) symmetric Hamiltonian. Explicit calculations are carried out to demonstrate the conservation of probability if a proper definition of the final state is adopted. Finally, this formalism is applied to two-flavor neutrino oscillations ν µ → ν µ and ν µ → ν τ in vacuum, where the exact PT symmetry requires the vacuum mixing angle to be maximal, which is compatible with current neutrino oscillation experiments. A possible generalization to the three-flavor case is briefly discussed. *
Introduction
In ordinary quantum mechanics, the Hamiltonian of a quantum system is usually assumed to be Hermitian such that its eigenvalues are real, which seems to be inevitable in the sense that the measured energies should be real numbers. In 1998, Bender and his collaborators discovered that a non-Hermitian Hamiltonian with parity and time-reversal (PT) symmetry could also possess a real spectrum [1] [2] [3] , which then raises the interesting questions if a PT-symmetric non-Hermitian Hamiltonian is physically meaningful and if a PT symmetry serves as an alternative to the Hermiticity in quantum mechanics [4, 5] . Since then, developments of PT-symmetric non-Hermitian theories have been flourishing in two different aspects. First, great efforts have been made in a series of papers by Mostafazadeh [6] [7] [8] [9] [10] to explore the necessary and sufficient conditions for non-Hermitian Hamiltonians to have real spectra. It has been observed that a general class of pseudo-Hermitian Hamiltonians H contain real eigenvalues if there exists a linear positive-definite operator η + in the Hilbert space such that η + Hη −1 + = H † holds [10, 11] . Second, non-Hermitian Hamiltonians with PT symmetry have found extensive intriguing applications in optics [12] , electronics [13] , microwaves [14] , mechanics [15] , acoustics [16] , atomic physics [17] [18] [19] , and single-spin systems [20] . See, e.g., Ref. [21] , for a recent review on this topic.
In the areas of quantum field theories and elementary particle physics, there are a number of interesting examples as well. First of all, it is worthwhile to mention that the Lee model [22] has been reexamined in the formalism of PT-symmetric non-Hermitian Hamiltonians and demonstrated to respect unitarity [23] [24] [25] . In addition, some other fundamentally important problems, including neutrino mass generation [26] , neutrino oscillations [27] , light neutrino masses in Yukawa theory [28] , spontaneous symmetry breaking and the Goldstone theorem [29] , and the BroutEnglert-Higgs mechanism [30, 31] have been studied in the framework of non-Hermitian theories with PT symmetry. Stimulated by such a tremendous progress in this research area, we revisit the two-level quantum system with a general PT-symmetric non-Hermitian Hamiltonian, which is completely solvable and thus one of the best examples to describe the main features of this nonHermitian system. Although this simple system has been discussed extensively in the literature (see, e.g., Ref. [5] ), we have not yet noticed any explicit calculations of the probabilities for the transitions between any two quantum states. To fill this gap in the literature, we take up this assignment and apply the formalism to two-flavor neutrino oscillations in vacuum, e.g., |ν µ → |ν µ and |ν µ → |ν τ . The exact PT symmetry of the Hamiltonian for neutrino oscillations in vacuum requires a maximal mixing angle θ 23 = π/4 [27] , which is perfectly allowed by all neutrino oscillation experiments. In this scenario, we demonstrate how to define the transition amplitudes and probabilities in a consistent way and show explicitly the conservation of probability. The essential idea is to introduce the "flavor" eigenstates | ν α (for α = µ, τ ) as the CPT eigenstates, i.e., CPT | ν α = | ν α , where CPT stands for the operator of combined charge-conjugate, parity, and time-reversal transformations.
The remaining part of this work is organized as follows. In Sec. 2, we recall the basic definitions of state vectors, inner products, and operators in conventional quantum mechanics in order to establish our notations. In addition, the general features of pseudo-Hermitian Hamiltonians are presented. Next, in Sec. 3, PT-symmetric non-Hermitian Hamiltonians are introduced and the concrete example of a two-level quantum system is presented to illustrate the formulation of non-Hermitian quantum mechanics. Then, in Sec. 4, two-flavor neutrino oscillations in vacuum are studied, where the oscillation amplitudes and probabilities are calculated, and possible generalizations to the three-flavor case and neutrino oscillations in matter are briefly mentioned. Finally, in Sec. 5, we summarize our main results and conclude.
Notations and Conventions
In ordinary quantum mechanics, the wave functions or the state vectors |ψ (in Dirac's bra-ket notations) are used to describe the state of a quantum system. The complex vector space, which is spanned by the state vectors, can be further endowed with a proper inner product, forming the Hilbert space H. The time evolution of the state vectors is governed by the Hamiltonian operator H, which is usually assumed to be Hermitian with respect to the inner product defined as
where ψ| ≡ |ψ † with the dagger " †" being complex conjugate and matrix transpose, and "·" denotes ordinary matrix multiplication. The exact meaning of matrix transpose and multiplication will become clear later.
For clarity, we only consider a finite-dimensional Hilbert space, for which one can always find a linearly independent and complete set of state vectors |e i (for i = 1, 2, · · · , N with N being a positive integer) and any state vector |ψ can then be expressed as a linear superposition of them, viz.,
where c i (for i = 1, 2, · · · , N) are complex coefficients. It is convenient to choose the set of basis vectors
to be an orthonormal basis such that the column vectors |e i (for i = 1, 2, · · · , N) are orthonormal to each other, i.e., [|e i ] j = δ ij , where [|e i ] j is the j-th component of the i-th column vector |e i and δ ij is the Kronecker delta. In this orthonormal basis, we have e i |e j = δ ij , according to the Euclidean inner product given in Eq. (1). Any operator O in the Hilbert space H is acting on the state vectors and can be represented by a matrix O, whose matrix elements are given by
for m, n = 1, 2, · · · , N. The Hamiltonian operator H is supposed to be Hermitian, and thus, the corresponding representation matrix H is Hermitian, i.e.,
H mn ≡ e m |H|e n = e n |H|e m * = H * nm .
The Hermitian Hamiltonian matrix H can be diagonalized via the similarity transformation UHU −1 = H with a unitary matrix U, i.e., U −1 = U † , where H = diag(E 1 , E 2 , · · · , E N ) is a diagonal matrix with E i (for i = 1, 2, · · · , N) being real energy eigenvalues. If the corresponding energy eigenvectors are denoted by |ǫ i , namely, H|ǫ i = E i |ǫ i , then |ǫ i can be identified as the i-th column of the unitary matrix U −1 . Obviously, the orthonormality conditions ǫ i |ǫ j = δ ij (for i, j = 1, 2, · · · , N) are satisfied due to the unitarity of U, namely, U † U = 1 N . Some remarks on the basis transformation and the time evolution of the state vectors are helpful.
• Since H and H are the representation matrices of H in the bases {|e i } N i=1 and {|ǫ i } N i=1 , respectively, it is then straightforward to establish the connection between these two sets of state vectors. More explicitly, we have
and thus,
On the other hand, one can also recast such a basis transformation into matrix form
where |e i and |ǫ i (for i = 1, 2, · · · , N) are all column vectors. It is easy to observe that it is just the identity matrix (|e 1 , |e 2 , · · · , |e N ) = 1 N on the left-hand side of Eq. (6), which holds trivially because of (|ǫ 1 , |ǫ 2 , · · · , |ǫ N ) = U −1 by construction. Adopting the basis {|e i } N i=1 , one can find the representation matrices for all operators and state vectors. Therefore, any similarity transformation of O via O ′ = V OV −1 , where V is a unitary matrix, can be compensated by the transformation of the state vectors |ψ through |ψ ′ = V |ψ such that the expectation value ψ|O|ψ = ψ ′ |O ′ |ψ ′ is unchanged.
• For later convenience, we ignore the dependence of the state vectors on the spatial coordinates and assume that the Hamiltonian is also time-independent. In this case, the time evolution of the state vector |ψ(t) is governed by the Schrödinger equation
which can be rewritten the matrix form as
where |ψ(t) ≡ N i=1 c i (t)|e i with c i (t) being complex functions of time t. Now, let us look at the time evolution of the inner product of |ψ(t) and another arbitrary state vector
which becomes time-independent only if H is Hermitian, i.e., H † = H. As usual, the transition amplitude for |e i → |e j refers to the probability that the system is initially prepared in the state |e i (0) ≡ |e i at time t = 0, and then evolves to |e i (t) at time t with a probability to be in the state |e j . Following the time evolution of |e i (t) according to the Schrödinger equation, we can figure out the amplitude A ij ≡ e j |e i (t) = e j |e −iHt |e i , and then, the probability P ij ≡ A ij 2 . The unitarity of the theory can be checked by summing over the final-state index of the transition probabilities
which turns out to be unity when H † = H is satisfied. Note that the completeness relation j=1 |e j e j | = 1 N has been utilized in Eq. (10), where one can observe that it is the completeness relation and the Hermiticity of the Hamiltonian H that together leads to conservation of probability or the unitarity of the whole theory.
All the above points are quite standard in ordinary quantum mechanics, but we think it is necessary and helpful to collect them such that one can make a close comparison with the results in non-Hermitian quantum mechanics. If we relax the Hermiticity of the Hamiltonian H, then additional requirements should be imposed to ensure a real spectrum of the system. It has been proven in Refs. [6] [7] [8] that the necessary and sufficient conditions for a non-Hermitian but diagonalizable Hamiltonian to have real eigenvalues is the existence of a linear positive-definite operator η + such that η + Hη
If this is the case, then H is called η + -pseudoHermitian. In other words, we can construct another Hilbert space H * that shares the same state vectors as H, but is now endowed with a different inner product, viz.,
which should be compared with the Euclidean inner product in Eq. (1) . In H * with this new inner product, one can immediately verify that
where the pseudo-Hermiticity relation η + Hη −1 + = H † has been used. Comparing Eq. (12) with the Hermiticity condition Hψ|φ = ψ|Hφ in ordinary quantum mechanics, we observe that H with the Euclidean inner product is actually Hermitian with respect to the η + inner product [9] . Some important comments on non-Hermitian quantum mechanics are in order.
• Since the Hamiltonian H is supposed to be diagonalizable, we denote the eigenvalues of H by E i and the corresponding eigenvectors by |ψ i , i.e.,
Due to the relation η + Hη
It is easy to prove the following orthonormality conditions and completeness relation
Using the above completeness relation and the definition |φ i ≡ η + |ψ i , we can find the positive-definite metric operator η + and its inverse as [32] 
Obviously, these results are of practical use to construct η + and η
−1
+ .
• Now, we are in the position to investigate the time evolution of the state vectors in the non-Hermitian framework. Similar to ordinary quantum mechanics, the state vector |ψ(t) evolves in time according to the Schrödinger equation. Consider the time derivative of the norm ψ(t)|φ(t) + for two arbitrary state vectors
which vanishes using the condition η + Hη
Therefore, the norms of state vectors with respect to the η + inner product are time-independent, which should be compared with the result in Eq. (9) for ordinary quantum mechanics.
• Finally, we examine the transition amplitudes A + ij ≡ e j |e i (t) + and the relevant probabilities P + ij ≡ A + ij 2 , and then check the unitarity of the non-Hermitian theory. Let us look at the summation of probabilities
where N j=1 |e j e j | = 1 N has been used in the last step. The rightmost result in Eq. (16) can also be written as e i (t)|η + |e i (t) + = e i (t)|η 2 + |e i (t) , whose time derivative can be found below
where the commutator [η + , H] ≡ η + H − Hη + has been defined. If we demand that the summation of transition probabilities over the final states should be time-independent, then the Hamiltonian H possesses a symmetry represented by the metric operator η + , i.e., So far, we have recalled the well-known results in Hermitian and pseudo-Hermitian quantum mechanics, establishing our notations and conventions for later discussion. However, the transition probabilities in the pseudo-Hermitian or PT-symmetric Hamiltonian framework have not yet been studied in the literature, which will be of our main concern in the rest of this work.
Non-Hermiticity and PT Symmetry
In the previous section, we have considered the N-dimensional Hilbert space and attempted to make the results as general as possible. In this section, we will focus on explicit calculations in the simplest two-level quantum system (i.e., N = 2), for which the Hamiltonian H is constant in time and space. Two linearly-independent state vectors {|u a , |u b } are chosen to be |u a = (1, 0) T and |u b = (0, 1)
T with "T" denoting matrix transpose. Note that the "flavor" state vectors {|u a , |u b } form a complete and orthonormal basis of the two-level quantum system in the sense of u α |u β = δ αβ (for α, β = a, b). Therefore, any state vector |ψ can be written as |ψ
T with c a and c b being complex numbers, and likewise for |φ = (c
, according to the Euclidean inner product. In this "flavor" basis, the non-Hermitian Hamiltonian H is represented by a 2 × 2 matrix H = (H αβ ) with H αβ ≡ u α |H|u β (for α, β = a, b) being the matrix elements.
Symmetries
Indeed, as previously stated, in order to make sense of non-Hermitian Hamiltonians, we must restrict ourselves to a subset of non-Hermitian Hamiltonians with some symmetries. As argued in Ref. [5] , one may impose PT symmetry, which is a particular combination of the discrete space-time symmetries that have been extensively discussed in relativistic quantum theories. For definiteness, let us consider the parity operator P that is represented by the symmetric 2 × 2 matrix
without loss of generality [3] , which is uniquely defined up to unitary transformations. Note that det P = −1. Furthermore, the time-reversal operator T is identified as the ordinary complex conjugation, i.e., T OT −1 = O * with O being an arbitrary operator. If the Hamiltonian H is required to be invariant under the PT transformation, namely, (PT )H(PT )
0, then one can obtain the most general form for the representation matrix of the PT-symmetric non-Hermitian Hamiltonian as
where ρ, σ, ϕ, and φ are real parameters and det H = ρ 2 − σ 2 . Note that H in Eq. (19) is not symmetric, despite being PT-symmetric. To guarantee orthogonality of the eigenstate vectors, one can further demand H to be symmetric, i.e.,
where φ = 0 has been enforced. 1 Although it is possible to make the forms of parity and timereversal operators more general [5] , we persist in assuming these compact forms in order to simplify all results and discussion. As pointed out in Refs. [6] [7] [8] , the PT symmetry is not a necessary condition for a real spectrum of a non-Hermitian Hamiltonian. The intrinsic connection between the pseudo-Hermitian Hamiltonians and the PT-symmetric non-Hermitian Hamiltonians has been clearly explained in Refs. [10, 11] .
Eigenvalues and Eigenvectors
The eigenvalues of the non-Hermitian Hamiltonian H in Eq. (20) can be immediately found by solving its characteristic equation
and the corresponding eigenvectors are chosen as [32] 
where sin α ≡ ρ sin ϕ/σ has been defined. 2 Note that the eigenvectors in Eq. (22) have been normalized using the so-called PT inner product, see Eq. (34). Now, H can be diagonalized by the similarity transformation AHA −1 = H ≡ diag(E + , E − ) with a matrix A, whose inverse A −1
can be constructed by identifying the eigenvectors |u + and |u − as its first and second columns, respectively, i.e.,
Using the choice of the overall phases for the eigenvectors in Eq. (22) , it holds that A −1 = A and det A = −1. (However, in general, note that A −1 = A.) Thus, it is straightforward to verify that A 2 = 1 2 . The ordinary norms of the "mass" eigenstate vectors |u + and |u − can be easily computed as
implying that {|u + , |u − } does not form an orthonormal basis of the Hamiltonian system with the Euclidean inner product. On the other hand, using Eqs. (14) and (22), the completeness relation turns out to be
which leads to the metric operator
with det η + = 1. The last step in Eq. (25) can be understood by using the second identity in Eq. (14) , where the basis of the eigenstate vectors {|ψ i } should be identified with {|u + , |u − }. It is also possible to construct the "flavor" eigenstate vectors using the "mass" eigenstate vectors according to the similarity transformation AHA −1 = H, viz.,
which are consistent with our previous definition of {|u a , |u b }. Although we have normalized the "mass" eigenstates as in Eq. (22), the overall phases of |u + and |u − can be arbitrary. However, these arbitrary phases will not affect the completeness relation in Eq. (25) 
implying that [P −1 η + , H] = 0 2 . Therefore, we obtain another symmetry operator C = P −1 η + = η 
Inner Products
In general, an inner product can be introduced for any two state vectors as follows (see, e.g., Ref. [5] )
where η is an operator in the Hilbert space. Obviously, the Euclidean inner product corresponds to the case of η = T , as indicated in Eq. (1). Now, we consider a few alternative definitions of the inner product and examine the norms of the "mass" and "flavor" eigenstate vectors:
• Orthogonal inner product. -This is defined by assuming η = 1 in Eq. (30) . In this case, it is interesting to show that
• T inner product. -As mentioned above, this inner product is equivalent to the Euclidean inner product defined in Eq. (1). Using η = T , one can verify that
Since the "flavor" eigenstate vectors in Eqs. (27) and (28) are real by construction, the T inner product is also equivalent to the orthogonal inner product for these vectors.
• P inner product. -Using η = P, one can verify that
• PT inner product. -Given η = PT , one can see that for the real "flavor" eigenstate vectors |u a and |u b , the PT inner product is equivalent to the P inner product. For the "mass" eigenstate vectors |u + and |u − , we have already chosen to normalize them by using the PT inner product. In this case, we have
• CPT inner product. -As we have seen, the charge-conjugate operator C commutes with the Hamiltonian H, i.e., [C, H] = 0. The representation matrix for the C operator is given by [32, 33] 
with det C = −1. Thus, we can find the norms with respect to the CPT inner product as
and
• η + inner product. -In the case of η = η −1 + T , the η + inner product coincides with that in Eq. (11) . Note that η −1 + = η T + . Thus, we can calculate the norms to be
One can observe that the CPT inner product is equivalent to the η + inner product, since (CP)
For the physical Hilbert space, the norm of any state vector is conventionally assumed to be positive and a zero norm is obtained only for the null state vector. On the other hand, the P operator has eigenvalues ±1 and is not positive-definite. Therefore, only the CPT and η + inner products are appropriate choices, which are actually equivalent.
Transition Amplitudes and Probabilities
As in conventional quantum mechanics, one assumes that the time evolution of the "mass" eigenstate vectors is dictated by the Schrödinger equation, which can be easily solved as
where the state vectors without arguments are just those at time t = 0, namely, |u ± ≡ |u ± (0) . Hence, the time evolution of the "flavor" eigenstate vectors is governed by
An immediate question is how to define the transition amplitude and the corresponding transition probability. For a general inner product ψ|φ η , where η is an operator in the Hilbert space, we define the transition amplitude
and the corresponding transition probability
where the η inner product should be properly chosen to ensure that the norm is time-independent as in conventional quantum mechanics. If we adopt the CPT inner product, as defined in the previous subsection, it is straightforward to calculate the absolute value squared of the transition amplitudes as
where β ≡ E + − E − = 2 σ 2 − ρ 2 sin 2 ϕ is the energy eigenvalue difference between two "mass" eigenstates. Given the CPT norms of the "flavor" eigenstates u a |u a CPT = u b |u b CPT = sec α, it is easy to verify that
implying that the probability is unfortunately not conserved. Since the CPT inner product is equivalent to the η + inner product, our previous discussion around Eqs. (16) and (17) in the latter case are also applicable to the former one. In the twolevel quantum system with the Hamiltonian H in Eq. (20), we can show that the unitarity is preserved only if the Hamiltonian is Hermitian. A possible solution to the problem of probability non-conservation could be to introduce the coherent flavor state
which is actually a direct eigenstate of the CPT operator, i.e., CPT | u α = | u α (for α = a, b) .
Requiring the final state in the transition process to be the newly-defined coherent state, we can again compute the transition amplitudes A CPT αβ ≡ u β |u α (t) CPT and the corresponding transition probabilities
Since the norms u β | u β CPT and u α (t)|u α (t) CPT are time-independent, it is only necessary to care about the time dependence of the summation of the absolute value squared transition amplitudes over the final states. More explicitly, we obtain
where the identity (CP) T = η + has been implemented. Given η 
which is evidently time-independent. Note that u a |u a + = u b |u b + = sec α has been implemented in the second equality in Eq. (53). Therefore, the individual transition probabilities are given by
where one can observe that
which serves as a "weak" condition for conservation of probability. Furthermore, one can observe that P is given by ∆ T = − sin α sin βt. Finally, applying the C operator on the "flavor" eigenstates |u α , one can define "antiflavor" eigenstates as |u α ≡ C|u α , which implies that u β |u α (t) CPT = u β |u α (t) CPT , so that in turn A . In fact, note that ∆ CPT = ∆ T . In summary, it is reasonable to introduce coherent flavor states | u α = (|u α + CPT |u α ) /2 (for α = a, b) and interpret A CPT αβ ≡ u β |u α (t) CPT (for α, β = a, b) as the transition amplitudes, which lead to the transition probabilities that satisfy conservation of probability (or unitarity). One may wonder if it is possible to achieve conservation of probability given the transition amplitudes u β | u α (t) CPT , where the system is prepared initially in the coherent flavor states | u α and then evolved to time t as | u α (t) . Unfortunately, we have verified that this does not work. Since |u + and |u − are also eigenstates of the CPT operator, one can verify that the coherent flavor states | u a and | u b are related to |u + and |u − by an orthogonal matrix with a maximal rotation angle.
Two-Flavor Neutrino Oscillations
Now, we apply the formalism in the previous sections to the case of two-flavor neutrino oscillations. As is well known, the Hamiltonian for neutrino oscillations in vacuum reads
where θ 23 is the leptonic mixing angle and m 2 i (for i = 2, 3) are the neutrino masses in vacuum.
3
The Hamiltonian H vac in Eq. (59) 
where ∆m 
where
. In the following, we concentrate on the two-level quantum system governed by the Hamiltonian H in Eq. (61) and examine its implications for two-flavor neutrino oscillations in vacuum. In the limit of ϕ = 0, the Hermiticity of the Hamiltonian H is recovered. Now, some useful observations can be made.
• The eigenvalues of the Hamiltonian H can be easily figured out to be
3 The choice of the parameters θ 23 and ∆m 2 is motivated by atmospheric neutrino oscillations (which are governed by these parameters) discovered by the Super-Kamiokande experiment in 1998 [34] , which shows that neutrinos have mass. The present 3σ ranges of these parameters are 41 where |ρ sin ϕ| ≤ |∆m 2 32 + σ| should be satisfied to respect the exact PT symmetry. The corresponding eigenvectors are given by [cf., Eq. (22)]
where sin α ′ ≡ ρ sin ϕ/(∆m 2 32 + σ). The neutrino mass eigenstate basis {|ν + , |ν − } is related to the neutrino flavor eigenstate basis {|ν µ , |ν τ } by the "mixing" matrix A −1 as in Eq. (23), but with α replaced by α ′ , which is not unitary.
• As discussed in the previous sections, we can calculate the transition probabilities for |ν µ → | ν µ and |ν µ → | ν τ by introducing the coherent flavor eigenstates
The transition probabilities can be readily read off from Eqs. (54) and (55), viz.,
where (66) and (67) reveal two main features. First, the non-Hermitian parameter α ′ appears in the oscillation phase shift, resulting in a so-called zero-distance effect [36] . Second, the oscillation phase in the non-Hermitian case will be reduced to that in the standard case if the non-Hermitian parameters ρ, σ, and ϕ are switched off. Since θ 23 ≈ π/4 is still consistent with all neutrino oscillation experiments, it may hint at a non-Hermitian description. At least, future high-precision measurements of neutrino oscillation probabilities will be able to constrain the non-Hermitian and PT-symmetric corrections.
In Fig. 1 , we display the survival probability P µµ given in Eq. (66) for two-flavor neutrino oscillations in vacuum with ν µ and ν τ using four different values of the oscillation phase shift parameter α ′ ∈ {0, π/6, π/4, π/2}. To better interpret these results, we rewrite Eq. (66) in a more useful form
where β ′ = (∆m 
32 L/(4E), leading to a larger zero-distance effect for an increasing value of α ′ . Meanwhile, it should be noticed that, in addition to a constant phase shift of α ′ /2, the oscillation frequency is suppressed by a factor of cos α ′ . Although we have set σ = 0 in our calculations, one can easily observe that a nonzero value of σ would lead to a change in the oscillation frequency, mimicking a different value of ∆m 2 32 . Finally, for α ′ = π/2, the survival probability collapses to P µµ (L) = 1 − sin 2 (π/4) = 1/2 and the zero-distance effect is half of the oscillation amplitude. In this case, the oscillation pattern simply disappears, since cos α ′ = 0.
The realistic picture of neutrino oscillations involves three neutrino flavors. Thus, one may generalize the matrix representation of the parity operator P in Eq. (18) to a 3 × 3 matrix, which can be chosen to realize the exchange of µ and τ neutrino flavors. When matter effects on neutrino oscillations are taken into account, the exact PT symmetry can be preserved for an arbitrary mixing angle, but the Mikheyev-Smirnov-Wolfenstein resonance condition [37] [38] [39] has to be satisfied [27] . These generalizations deserve further investigations.
Motivated by the recent tremendous progress in conceptual understanding and practical applications of PT-symmetric non-Hermitian Hamiltonians, we have examined how to consistently define the transition amplitudes A αβ and probabilities P αβ = |A αβ | 2 for "flavor" transitions |u α → |u β in a finite-dimensional non-Hermitian quantum system, where |u α and |u β for α, β = 1, 2, · · · , N stand for the "flavor" eigenstate vectors and N is the dimension of the Hilbert space. The general criterion for consistency is assumed to be conservation of transition probability. In other words, the sum of the transition probabilities over the final states N β=1 P αβ should be time-independent. In the simplest two-level quantum system with a PT-symmetric non-Hermitian Hamiltonian, we have explicitly calculated the transition amplitudes A CPT αβ ≡ u β |u α (t) by introducing the coherent flavor eigenstates | u β ≡ |u β + CPT |u β /2, where the flavor indices {α, β} are now running over {a, b} and CPT stands for the combined charge-conjugate, parity, and time-reversal operator. The properly normalized transition probabilities P Although the explicit calculations are performed only for the two-level quantum system, it is straightforward to extend them to more general cases.
Finally, this formalism has been applied to two-flavor neutrino oscillations in vacuum, namely, |ν µ → | ν µ and |ν µ → | ν τ . The Hamiltonian for two-flavor neutrino oscillations in vacuum becomes PT-symmetric only if the neutrino mixing angle is maximal, i.e., θ 23 = π/4, which is compatible with current data of neutrino oscillation experiments. Therefore, the most general PT-symmetric non-Hermitian Hamiltonian for two-flavor neutrino oscillations in vacuum can be written as the ordinary Hermitian Hamiltonian with a maximal mixing angle plus PT-symmetric non-Hermitian corrections. It turns out that non-Hermitian parameters contribute a constant shift in the oscillation phase and even change the oscillation frequency, which could be tightly constrained by future precision measurements of neutrino oscillation parameters. As far as threeflavor neutrino oscillations are concerned, it is interesting to observe that the PT symmetry may be identified with the so-called µ-τ reflection symmetry in the neutrino sector [40] , which is phenomenologically favored at present.
We believe that the discussion on conservation of transition probabilities and the explicit calculations in the present work could help to understand the main features of PT-symmetric non-Hermitian Hamiltonians. It remains to be observed if the newly introduced coherent "flavor" eigenstate can be realized in some of the physical systems, where PT-symmetric non-Hermitian Hamiltonians have found intriguing applications.
